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Surname
Name
matriculation number
Solve only three of the six following problems: the evaluation is limited to only three exercises.
Remember that to be evaluated you have to solve problems in both parts of the exam.
1. 6 pts Given A = {(x, y) ∈ R2 : x2 + y2 ≤ 9 &x2 + y2 − 2x ≥ 0} evaluate
∫∫
A
y dxdy
2. 6 pts Given A = {(x, y) ∈ R2 : x2 + y2 ≤ 9 &x2 + y2 − 2x ≥ 0} and f(x, y) = x + y find
sup
(x,y)∈A
f, inf
(x,y)∈A
f
3. 6 pts Solve the initial value problem
y′′(x) = −y′(x) + 2x
y(0) = 0
y′(0) = 1
4. 6 pts Given A = {(x, y) ∈ R2 : x4 + y2 ≤ 1} evaluate the Lebesgue meausre `(A) of the set A
5. 6 pts Solve the parabolic Cauchy problem{
ut = uxx
u(x, 0) = x2 + x
6. 6 pts Solve the initial value problemy′(x) =
2x
(1 + x2)
(y3(x) + y(x))
y(0) = 1.
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Results
Sheet2
Matriculation Mark
605430 10
900045157 23
643851 2
900045127 24
644443 26
628955 6
644466 26
584438 6
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Students willing to take the oral exam have to contact prof. Ritelli before Janurary 20th 1.00
pm. Marks will be upload at almaesami after that deadline
Solutions
1. The region of integration is the circle with center at origin and radius 3 deprived by the
circle with center (1, 0) and radius 1.
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Define
B = {(x, y) : x2 + y2 ≤ 9}, C = {(x, y) : (x− 1)2 + y2 ≤ 1}
So that ∫∫
A
xdxdy =
∫∫
B
ydxdy −
∫∫
C
ydxdy
To integrate on B use le polar coordinates x = r cosϑ, y = r sinϑ∫∫
B
ydxdy =
∫ 2pi
0
∫ 3
0
r2 sinϑ drdϑ = 0
To integrate on C we evaluate directly∫∫
C
ydxdy =
∫ 2
0
(∫ √2x−x2
−√2x−x2
ydy
)
dx =
∫ 2
0
0dx = 0
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2. ∇f never vanishes, so the extrema are assumed in the boundary x2+y2 = 9 or x2+y2−2x =
0
Put L1(x, y) = x+ y −m(x2 + y2 − 9)
1− 2mx = 0
1− 2my = 0
x2 + y2 = 9
=⇒

x =
3√
2
y =
3√
2

x = − 3√
2
y = − 3√
2
Put L2(x, y) = x+ y −m(x2 + y2 − 2x)
1− 2m(x− 1) = 0
1− 2my = 0
(x− 1)2 + y2 = 1
=⇒

x =
2 +
√
2
2
y =
1√
2

x =
2−√2
2
y = − 1√
2
hence
sup
(x,y)∈A
f = 3
√
2, inf
(x,y)∈A
f = −3
√
2
3. Put y′(x) = u(x) we have to solve the first order linear equation{
u′(x) = −u(x) + 2x
u(0) = 1
which solution is u(x) = 2x− 2 + 3e−x. Hence solution y(x) to the given problem is
y(x) =
∫ x
0
u(s)ds =
∫ x
0
(2s− 2 + 3e−s)ds = x2 − 2x+ 3− 3e−x
4. We have
-1.0 -0.5 0.5
-1.0
-0.5
0.5
`(A) = 4
∫ 1
0
√
1− x4 dx =
∫ 1
0
u−3/4(1− u)1/2du =
√
pi
2
Γ
(
1
4
)
Γ
(
7
4
)
But Γ(7
4
) =
3
4
Γ(3
4
) then
`(A) =
2
√
pi
3
Γ
(
1
4
)
Γ
(
3
4
) = 1
3
√
2
pi
Γ2
(
1
4
)
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5. Solution to Cauchy problem{
ut(x, t) = uxx(x, t) for t > 0, x ∈ R
u(x, 0) = f(x) for t = 0, x ∈ R (Hc)
is given by the formula
u(x, t) =
1√
pi
∫ ∞
−∞
e−s
2
f(x+ 2s
√
t)ds (Hs)
where f(x) = x2 + x, finding u(x, t) = 2t+ x2 + x
6. Bernoulli equation. Solution y(x) =
x2 + 1√
1− x4 − 2x2
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